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Let d : C*°[0,1] — C°]0,1] be the derivative operator, where C'*°[0,1] is
the real vector space of infinitely differentiable functions [0,1] — R. Suppose
for contradiction that d has an adJ01nt d* : C*[0,1] — C*°|0, 1] with respect to

the inner product (f, g) fo ) dz.
Let @ =d+d*. Forall f,g € C°°[O 1], we have

(QUF) ) = (d(F). 9) + (d*(F).g) = (d(1). g) + (2 d())
= (. 9) / F(@)g(z) dz + / f(@)d (@) de
- / (F'g+ 19)(@) d(z) = / (fg)'(x) d(x) = F(1)g(1) — F(0)g(0).

In particular, (Q(x),2™) = 1 for all natural numbers n. By the Cauchy-Schwarz
inequality, we have

1= Q@) 2l @@l = TADL
for all natural numbers n. Therefore,
1
0=[Q(x)| lim = lim Q@I > lim 1=1

n—o00 ,/2n+1 n—o00 1/2n+1 T n—oo ’

which is a contradiction. We conclude that d does not have an adjoint.



